The method de,:eloped by Case is used to solve four time-independent, one-speed problems for neutron transport In a homogeneous medium where the scattering function is linear in the cosine of the scattering angle. The solutions to the albedo, Milne, Green's function, and constant isotropic source proble~ for a ~alf-space are facilitated by the use of half-range bi-orthogonality relations between the eIgenfunctIOns of the homogeneous transport equation. Expressions ~re also derived for the emerging angular densities and the densities and net currents on the surface of the half-space.
INTRODUCTION
T HE Case approach to solving neutron transport problems utilizes an expansion of the neutron angular density in terms of the eigenfunctions of the homogeneous transport equation. The set of eigenfunctions was first shown to be complete for the case of isotropic scattering of one-speed neutrons.
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Using these results, answers to many problems were obtained. where B is a polynomial of order (N -1) in both variables. A rigorous proof of these two statements is still lacking. In any event, the computation of B(l', J.L) would in general be very tedious. Only in two cases is the situation comparatively simple: in that of linearly anisotropic scattering (N = 1) and in that of a nonabsorbing medium with N = 2.9 We will restrict ourselves to the first case.
Sections II-IV deal with an absorbing medium. After presenting the bi-orthogonality relations (Sec. II), we apply them to four standard half-space problems (Sec. III): the albedo, Milne, Green's function, and constant isotropic source problems. A special calculation (Sec. IV) leads to simplified formulas for the emerging angular densities and related quantities. In Sec. V, the first three problems are solved for a nonabsorbing medium.
II. DEFINITIONS AND BI-ORTHOGONALITY RELATIONS
The transport equation to be solved, written in the usual notation, 6.7 is
where ~(x, J.L) is the azimuthal integral of the angular density. Here -1 ~ b ~ 1, and we choose C < 1, deferring the case C = 1 until Sec. V. For the homogeneous equation, separation of variables is achieved through the ansatz
where the eigenfunctions lP.CJ.L) are normalized such that
1939
There are two kinds of eigenfunctions. The con-and of the moments of the latter,
{The symbol P in Eq. (4) is a reminder that we must take the Cauchy principal value of any integral over v or p,.] Furthermore, there are two discrete modes,
In addition, we need the identities 7
(20)
2) dp,
v-p, belonging to the two real roots, ±vo.' of~the equation
where
It will be useful to know the derivative of A(z)
We also infer from Eq. (9) that
The value of X(v) is related to the boundary values of A(z) on the cut (-1, 1) by the equation
As was pointed out in Ref. 8, instead of orthogonality relations we now have bi-orthogonality relations for the eigenfunctions 'P. (p,) and 'P±(p,) , with "adjoints" of the form
These relations are proved in much the same way as those for isotropic scattering, and at the same time the value of the constant B is derived.
The method involves the use of the functions 7
1 [1 11 A +(p,) dp, ]
These identities help us to show that bi-orthogonality in 0 < p, < 1 among the set 'P+ (p,), tfJ.(p,) , o < v < 1, and the adjoints is produced by the weight function (vo -p,h(p,) . We also find that B must be chosen as
Let us note that the quoted weight function is closely related to Chandrasekhar's H-function 7 :
The bi-orthogonality relations, and a set of related formulas useful in applications, are listed below (where 0 < v < 1 and 0 < v' < 1). In order to save space, we use in some of the formulas the symbol ~ for either v' or vo. Correspondingly, f,C~(p,) denotes either a continuum eigenfunction or 'P+(p,). Products of two singular eigenfunctions will be understood in the same sense as in Ref. 8. f tfJ. (p.) cP,,(p.) (vo -p,h(p. ) dp,
11 1P+(P)iP.(P)(1I0 -p}y(P) dp. = 0, [ 1P+(P)iP+(P)(1I0 -p.}y(P) dp.
11 1P-.(P) iPe(P)(vo -p.}y(P) dp.
[ 1P-(P)iPe(P)(vo -p.}y(P) dp.
{ IPf(P)iP-.(P)(vO -p.}y(P) dp.
11 1P-.,(P)iP-.(P)(vo -p.}y(P) dp.
(35)
11 iPe(P)(vo -p}y(P) dp.
11 fP-.(P)(vo -p}y(P) dp
1 1 iPe(P)(vo -p}y(P) dp.
1 1 fP-.(P)(vo -p.}y(P) dp.
.( (X) )]112 -'2 .A.( (X) )(vo -v}y(v) • (40)
Through the use of these relations, we can express the results for typical half-space problems in terms of the functions X or "Y and the moments of. the latter. The numerical evaluation of these functions, for any given c and b, may be performed by iteration of the nonlinear integral equation of Shure and Natelson. 
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The desired solution is expanded in terms of the eigensolutions (4) and (7). If q ¢ 0, one further term has to be added, namely the solution of the corresponding infinite-medium problem. Thus we see that the conditions (41) and (42) are met by the expansion
Cd) 
The boundary conditions (43), applied to (44), lead to an equation of the form (for p. > 0) (47) from which the expansion coefficients a+ and A (v) 
Use of the half-range bi-orthogonality relations of Sec. II immediately gives the following results:
_ evo
{l IAt(x, p) dp.
The above expansion coefficients for the Milne problem were obtained in a different way by Shure and Natelson.
The solutions of the four problems are now complete since the angular density is known from (44), (45), and (49) through (52) . The neutron densities and net currents, defined by p(x) = {l 1/I(x, p) dp,
With the above results, one is able to obtain an expression for the Milne problem extrapolation distance, tOl that is the distance from the surface of the half-space at which the asymptotic density vanishes. We see that j(x) = [11 1A1/I(x, p) dp, are easily obtained by integration of (44) and use of Equations (49) and (50)(b) and the identity 
IV. SURFACE QUANTITIES
For the emerging angular distribution from the half-space, we need to evaluate the expansion (44) (vo -p.h(p.) dp. and integrate. Equation (34) immediately helps us to the general result (for p. > 0): 1/;(0, -p.) = f(O, -p.) + (:J2 A( co )(vo -p.}yCll-) f 1/;CIl-')cp-~CIl-')(vo -p.'}YCll-') dp. '. (59) For our four problems, the integral here, as well as the integrals yielding the surface densities and net currents, are all contained in the formulas of Sec. II. We thus arrive at the following results
:
c 2
Vo Vo (60) (vo -v}y(v 
-2(vo -ii)jcd(voii).
Equation (60)(b) was obtained earlier by Shure and Natelson.
7 Equation (60)(a) agrees with the result of Chandrasekhar 10 after the notation is converted. 7 The result (60)(a) for the albedo problem shows also that 1/;(0, -p.)j P.o is a symmetric function of p. and P.o, in agreement with the reciprocity theorem. lo Moreover, a more general form of this theorem l l leads to the conclusion that >/1(0, -p.) for the Green's function problem differs from the value of 1/;(xa, -p.) j P.o for the albedo problem only in the interchangement of the variables p. and p.o. This is verified by Eq. (60)(c) and the albedo problem results.
